Summary. The sensitivity of the spectroscopic and polarimetric properties of magnetic white dwarfs to field geometry is investigated using uniform, dipole, quadrupole, octupole and two offset dipole models. The results suggest that often it may be difficult to distinguish between an offset dipole and a combination of multipoles, as in the case of GD90. The effect of line broadening on the spectra of magnetic white dwarfs is also investigated.
1 Introduction Angel (1978) and Landstreet (1979) have discussed a number of white dwarf stars with high magnetic fields (B > 10 6 G). The high field is inferred either from significant values of circular polarization or from the shifting and splitting of absorption lines (Zeeman splitting). In a series of papers we have developed realistic models for such stars, with realistic stellar atmospheres and the use of realistic line profiles in a full integration of the radiative transfer equations in a magnetic field through the appropriate optical depths and across the surface of the star. Our early models reproduced many of the features of the stars BPM 25114, GD90 and G99 -47 (Martin & Wickramasinghe 1978; Wickramasinghe & Martin 1979) and presented many of the general features of such models (see also O'Donoghue 1980). There are quite a few assumptions and further effects which need to be examined before all magnetic white dwarf spectra can be explained, and general conclusions can be reached regarding the magnetic field structure. One important effect at very high magnetic fields (i?>10 8 G) is cyclotron absorption (Martin & Wickramasinghe 1979a) . Also importantTn explaining the details of magnetic white dwarf spectra, especially linear and circular polarization, are magneto-optical effects associated with bound-free and free-free transitions (Martin & Wickramasinghe 1981 , 1982 . In spite of being relatively realistic, our models still include a number of simplifications and approximations. In particular, we treat the hydrogen line profiles as Voigt profiles with the damping parameter as an undetermined parameter, assume that the temperature structure of the model is unaffected by the magnetic field, that B. Martin and D. T. Wickramasinghe the abundances assumed in the model atmospheres are appropriate and that the Balmer lines are not appreciably affected by non-LTE effects.
In this paper we examine in some detail the effect of the magnetic field geometry on the spectra of magnetic white dwarfs, and also investigate the relative importance of pressure and magnetic hardening. Almost all previous studies have assumed initially a dipole field coincident with the centre of the star. Sometimes the dipole is offset from the centre of the star, if this seems useful in improving agreement between model and observations, as we found in the case of GD90 (Wickramasinghe & Martin 1979) . Earlier studies (Kemic 1974a; Borra 1976; Wegner 1977) have produced line and circular polarization profiles for absorption lines, but these calculations use simplifications such as the simple Unno (1956) solution to the radiative transfer equations and a Milne-Eddington model atmosphere, rather than the realistic atmosphere and full numerical solution to the radiative transfer equations used here.
There are some theoretical reasons to expect dipole fields to be most common among magnetic white dwarfs, since in their long lifetime the higher moments of the magnetic field tend to die away. However, in the hotter and younger stars, a significant non-dipole component could be present, particularly if the fields originate by the dynamo mechanism in convective stellar cores during later stages of evolution as proposed by Ruderman & Sutherland (1973) (see Liebert et al 1977 for a discussion). The inference of field structure from observations and models is thus important for the theory of the origin of magnetic fields in white dwarfs.
Here we aim to give a feeling for the spectra arising from a variety of field geometries. For this purpose we have selected a uniform, centred dipole, quadrupole and octupole fields, and two different offset dipole fields. In each of these cases we present information about the distribution of field strengths, and illustrate the effect of these field geometries on a standard Ho: line. We also show the effect of line broadening on the spectra. Finally, models for GD90 are examined to determine whether the limited data available provides sufficient information to distinguish dipole from non-dipole field geometries.
Some of the work here parallels studies of magnetic Ap and Bp stars which also address the issue of field distributions (see the review by Landstreet 1980).
Radiative transfer
The equations for radiative transfer in a magnetic field may be written (Hardorp, Shore & Wittmann 1976 
Here /, Q, U and V are the four Stokes parameters, r is the optical depth, B is the local source function (elsewhere in this paper 5 represents magnetic field), ¡jl = cos 6 where 6 is
Magnetic field distributions in white dwarfs 409 the angle between the propagation direction and the normal to the surface of the star, and T?! = Virtp sin 2 xp + Va (r¡i + 7? r ) (1 + cos 2 1//),
where \p is the angle between the propagation direction and the direction of the magnetic field, Tjp, 77/ and ?7 r are the ratios of the total absorption coefficient of the three Zeeman shifted components plus the shifted continuum absorption coefficient to the unshifted absorption coefficient, and pR and pw introduce magneto-optical effects. The solution pair
to (1)- (4) ponents of an absorption line to shift to different wavelengths, depending on the component and the strength of the magnetic field. As seen in Fig. 1 , typically the r, l and p-type components each shift in different characteristic ways, giving rise to the familiar Zeeman splitting. At low fields a Zeeman triplet results. Note that line shift broadening occurs even in a uniform field. In studies involving low fields, such that the line shift broadening results in a slightly broader feature but no splitting, this effect is called magnetic intensification. , The second type of line broadening in a magnetic field, which we call field spread broadening, is due to non-uniformity of the magnetic field. When the field varies across the surface of the star, any given component will be shifted by different amounts by the different fields, as seen in Fig. 1 (except in special cases in which the wavelength of absorption is not affected by the field strength). The net effect is a broadening of the feature from the component. When the field is large (e.g. 10 7 G) and varies significantly across the surface of the star (as in a dipole), field spread broadening is dominant over line shift broadening. In any case, the combination of the two effects is called simply magnetic broadening.
At sufficiently large fields the magnetic broadening can dominate over the pressure broadening, so that detailed knowledge of the line profile is not required. The importance of pressure broadening at high fields is examined later in this paper.
To illustrate the effect of the magnetic field on the spectrum, consider a white dwarf with a dipole magnetic field with pole strength i? p = 10 7 G. The field strength varies from this value at the poles down to 5 x 10 6 G at the equator. Since areas of the star covering this full range of field strengths contribute to the spectrum, shifts in Fig. 1 from 5 x 10 6 G to 10 7 G will all play a part. For example, the centres of the / components of Hß will absorb at most wavelengths between 4700 and 4800 Â. The calculation of the emergent spectrum can be conceptualized in the way in which the computer calculation proceeds. At a given wavelength, latitude and optical depth, the magnetic field strength -which for the field distributions used here depends on latitude but not longitude -is examined to determine the appropriate component shifts. Each component is examined, and its contributions to the opacities are determined according to its deviation in angstroms from the current wavelength. Each component sufficiently near to the current wavelength thus makes a contribution to 77 r , r?/ or i?p, and also to p R and p w . The contribution depends on the optical depth through the effect of electron density and temperature on excitation and on the Stark broadening of the line. Adding continuum contributions, the final values of the opacities and magneto-optical parameters are determined. Utilizing the angle i// between magnetic field direction and propagation direction, the values The calculation for different longitudes can proceed with the same opacity values, since with dipole and multipole fields only \¡j and/¿in the calculation are affected by the longitude. For different latitudes, different magnetic field strengths apply, and new sets of opacity and magneto-optical contributions from the line components must be determined. The calculated surface values of /, Q, U and V at the different latitude and longitude points are weighted by appropriate area and angle factors to give the net result. This process is then repeated at other wavelengths. (In practice, to save computer time, a whole series of calculations at different wavelengths is carried out in parallel, so that profiles of the components of the lines can be allocated to the full range of wavelengths in a single operation.)
The magnetic field geometry enters into this calculational procedure in two ways. First, for a given wavelength and latitude, the geometry determines the position of the centre of each component of the line. Secondly, for a given latitude and longitude, the geometry determines the angle ^ between the field direction and the propagation direction.
3 Field geometry A standard way of characterizing both electric and magnetic field distributions is in terms of multipoles (see, for example Cowan 1968, chapter 8 ). An electric or magnetic potential <f> can be expanded in terms of Legendre polynomials:
where P n is the /fih Legendre polynomial, r is the distance from the centre of the star, £ is the angle between the north pole and the current latitude, and a n is the coefficient of the 2ft-pole. The field of the 2?z-pole (dipole is a = 1, quadrupole is « = 2, octupole is ft = 3, etc) is -V<t>, appropriately normalized. For example, for a dipole cos £ z and £ z = ---, 3z where we have introduced an x, y, z coordinate system with x 2 +^2 +z 2 = r 2 with z the magnetic axis. Setting r = 1 after results are obtained (so that z = cos £, x = sin £ cos f and y = sin £ sin f, where f is the longitude), we have Dipole B z =B p (3z 2 -1)12,
Octupole
B =¿?p(175z 6 -165z 4 + 45z 2 + 9) 1/2 /8,
Uniform Bz
£x=0, Another way of characterizing non-dipole magnetic field distributions, more commonly used in astrophysics than multipoles, is the offset dipole: the magnetic dipole is assumed not to emanate from the centre of the star, but from a position displaced from the centre. There are two independent directions in which this displacement or offsetting may occur, which may be taken to be along the direction of the magnetic dipole (z direction) and perpendicular to this direction (in the x-y plane). These two directions, plus the arbitrary displacements which may be made along them, allow a wide range of flexibility in producing different field distributions. Here we consider only displacements along the z axis, by distances of plus or minus 0.1 or 0.2 of the star's radius. Denoting this fractional shift by 5, the distance to the surface of the star in units of the radius is r s z = (l + s 2 -2s cos £) 1/2 ,
The field direction becomes
To determine values of B z , B x and B for the offset dipole, the equations (9)- (20) with z = cos £ replaced by z s = cos £ s , x replaced by x sin £ s /sin £, and the strength of the dipole divided by rl, the quadrupole by r$ and the octupole by rf.
An offset dipole can be expressed as a weighted sum of multipole moments. But rather than pursue a formal analysis along these lines, we prefer to provide a basis for a more physical and intuitive understanding of the effects of different field distributions. In Fig. 2 (14) and (17) it is easily found that the dipole ranges from the full (polar) field strength down to one half at the equator (z = 0), the quadrupole down to 1/5 1/2 at z = 1/5 1/2 , and the octupole down to 3/8 at the equator. Between the pole and the equator the dipole has one field strength maximum and one minimum, the quadrupole two local maxima and one minimum, and the octupole two maxima and two minima (see Fig. 2 ). The net effect is that although the higher multipoles have a greater total range of field strengths, they are more uniform overall. From Fig. 4 it is apparent that offset dipoles have a much larger range of field strengths when offset towards the hemisphere being considered, and a quite uniform range when offset in the opposite direction. The field strengths are the main determinant of the positions of the spectral lines (Fig. 1) . Figs 3 and 4 suggest that to obtain a field giving high magnetic broadening, the positively offset dipole is suitable, and to obtain a field giving magnetic splitting but less magnetic broadening, higher multipole fields or negatively offset dipoles can be used.
Although the direction of the magnetic field does not affect the position of the spectral lines, it can affect the strength of absorption markedly. We do not present histograms of the direction of the magnetic field, since in determining the angle \¡j between the propagation direction and the magnetic field direction the viewing angle / is also critical. But to indicate the importance of ^/, we present in Fig. 5 values of intensity and circular polarization for different values of \// at a particular position in a line profile. It is apparent that the line depth is greatest near i// = 90° and least near \¡j =0°. Nearer the centre of the line (not shown) only a few angles near ^ = 0° do not give saturation, while far from the line centre (also not shown) only a few angles near \¡j = 90° give much absorption at all. The different patterns of \¡j generated by different field distributions thus can lead to significant differences in flux and polarization. B. Martin and D. T. Wickramasinghe Figure 7 . As Fig. 6 , except that the star is viewed from the plane of the equator (/= 90°). Results for cases G and H are identical to those for E and F, respectively.
Results
To illustrate the effect of different field distributions on the spectra of magnetic white dwarfs, we present in Figs 6-10 the flux, linear polarization and circular polarization for the uniform field, centre dipole, quadrupole and octupole fields, and dipoles offset by plus or minus 0.1 and 0.2. Information about the line is contained in the figure captions. The calculations were carried out using the zero-field, high-gravity (log g = 8.0), T Q = 20000K model atmosphere taken from Wickramasinghe (1972) . The continuum is polarized following Lamb & Sutherland (1974) , line shifts due to the magnetic field are taken from Kemic (1974b) , and magneto-optical effects associated with the lines and with the continuum are incorporated (Martin & Wickramasinghe 1981 , 1982 . The integration through optical depths was carried out using the method of Martin & Wickramasinghe (1979b) , and the results at different latitudes and longitudes were appropriately weighted and combined to give the net result.
As noted in Martin & Wickramasinghe (1982) , when the large values of p R and p w associated with free-free transitions are introduced into the calculation, the results become much more sensitive to changes in parameters such as the opacities. In particular, the use of a finite set of latitudes -and hence also of magnetic field strengths -in integrating across the surface of the star can result in numerically induced bumps in the spectrum. One way of WAVELENGTH IN ANGSTROMS overcoming this problem is to increase the number of latitudes used in the numerical integration, but this increases computation time inordinately. For the calculations for this paper, the following approach was used. For each latitude ^ and optical depth, the variation in magnetic field strength associated with the latitude -namely, the variation in field strength from + to + -was determined. Then the opacities and magnetooptical parameters associated with this range of field strengths were averaged, and these averages used in (1)- (7) to calculate the solution associated with the latitude gj. This latitude averaging of opacities is in addition to an averaging of opacities associated with the set of wavelengths, spaced at 10 Ä intervals, for which results are obtained.
Of course, this method is inaccurate to the extent that the solution to the radiative transfer equations for an average of opacities does not equal the average of the solutions for the range of opacities being averaged. The approximation is not too bad if the opacities averaged are not too different, and it does overcome much of the numerically induced bumpiness of the spectrum. The numerical integrations across the surface of the star were carried out using 24 latitudes from pole to pole (and somewhat more latitudes for offset dipoles with their greater range of magnetic field strengths), with up to 6 longitudes at each latitude. The opacity averaging method sometimes results in a slightly increased line depth. And because of its intrinsic limitations and other inaccuracies, polarization results should not be assumed to be accurate to better than 1 per cent. In particular, linear polarization is very sensitive to numerical approximations, and little reliance should be placed on small deviations in linear polarization results here.
The features in the lines in Figs 6 and 7 are in accordance with the rough analysis of field strengths given earlier, when account is taken of the viewing angle. In particular, in the Figure 9 . As Fig. 6 , except that circular polarization is presented (/ = 0°). The spacing between marks on the vertical axes represents a polarization of 5 per cent, except for the uniform field in which this spacing represents 25 per cent. Figure 10 . As Fig. 9 , except that the star is viewed from the plane of the equator (z = 90°). Only results that are not identically zero are shown. Results for cases G and H are identical in magnitude but opposite in sign to those for E and F, respectively. Figure 11 . Flux (top) and circular polarization (bottom) for three models for magnetic white dwarf GD90. At the very bottom are the observations of the circular polarization for GD90 from Angeled/. (1974) . The models are (B) centred dipole with dipole strength = 9 X 10 6 G and viewing angle i = 75°, (C) centred quadrupole with polar field strength i?p = 1.2Xl0 7 G and ¿ = 90°. and (E) dipole offset by 0.1 radius towards the north pole, with dipole field strength = 9 X10 6 G and i = 90°. The polarity of the quadrupole has been reversed to show the similarity of circular polarization for models C and E. The T q = 12 000 K model atmosphere is taken from Wickramasinghe (1972) . The distance between adjacent marks for circular polarization represents 10 per cent. The zeros for the flux curves are indicated.
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pole-on case (/ = 0°, Fig. 6 ), the features are narrower in the higher multipole fields and very much narrower in the dipoles offset away from the viewing angle, and are broader in the dipoles offset toward the viewing angle. For equator-on viewing (/ = 90°, Fig. 7 ), the differences between the centred dipole, quadrupole and octupole are less marked since the high field polar regions make less contribution to the surface average (see Fig. 2 ) owing to projection effects.
The polarization curves are more sensitive to field geometry since both the field direction and field strength are important. Again, the largest differences are seen in the pole-on (/ = 0°) cases.
We note that the offset dipoles show a dipole type behaviour when viewed pole-on from the northern hemisphere, and a quadrupole type behaviour when viewed equator-on (/ = 90°). This is a general property which we expect to be valid for small values of the offset parameters.
To illustrate how these results might apply to particular stars, we consider the case of GD90. Previously (Wickramasinghe & Martin 1979) we found that an offset dipole gave a better fit than a centred dipole. In Fig. 11 we present three models for GD90: centred dipole, B p = 9x 10 6 G, viewing angle i = 75°; dipole offset by s = 0.1, AEd = 9 x 10 6 G, i = 90°; quadrupole, Z? p = 1.2 x 10 7 G, z = 90°. The polar field used for the quadrupole is higher than for the dipoles since the bulk of field strengths for the quadrupole are clustered at a lower fraction of the polar field strength (Fig. 3) . To reproduce the observed magnitude of circular polarization, a viewing angle of 75° -slightly different from z = 90° which gives zero circular polarization -is used for the centred dipole. The quadrupole and the offset dipole give nonnon-zero circular polarization even at z = 90° (Fig. 10) . Circular polarization data on GD90 is also reproduced in Fig. 11 (Angel et al 1974) . It is clear that the centred dipole cannot explain the data, and also that the quadrupole and offset dipole give very similar results. The data would have to be greatly refined, and also a large number of models with different parameters tested -and possibly a more detailed and comprehensive model developed -before there would be much chance of choosing between the quadrupole and offset dipole models. (For these reasons, Angel et aids flux data, which is even less useful than their circular polarization data for choosing between the models, is not presented in Fig. 11.) Distinguishing between a combination of multipoles and an offset dipole would not be easy even with superb observational data, because of the great degree of flexibility the free parameters allowing in modelling. This is an important point, and hence we discuss briefly how agreement between theory and observation can be obtained.
To begin, the positions of the absorption components can usually be reproduced by appropriately choosing the strength of the magnetic field, as noted above. To distinguish between the dipole field and its alternatives, polarization data usually must be used. The magnitude of the dominant circular polarization features can be reproduced by choosing the appropriate viewing angle: nearer to zero for large magnitudes, closer to 90° for small polarization values. (For very small observed circular polarization values, theoretical models based on a quadrupole or on a dipole offset along its polar axis could be ruled out. But this would not rule out other non-dipole fields, such as an octupole or a dipole offset perpendicular to the polar axis.) The signs of all polarization features can be switched easily for all types of field distribution by flipping the direction of the source of the field.
The multipoles and the offset dipoles actually provide too much flexibility in modelling magnetic white dwarfs. For example, any linear combination of centred dipole and quadrupole might be considered, not to mention contributions from octupole and higher multipoles, and dipoles offset towards the pole by any fraction might be considered, not to mention offsetting perpendicular to the polar axis. By using this flexibility to the utmost, good fits between theory and observation probably can be obtained in many cases, but because of this flexibility this fit does not necessarily indicate the validity of the model parameters.
The above comments apply strictly to magnetic white dwarfs that are effectively nonrotating and are hence observed only at a fixed magnetic phase. Under certain circumstances it may be possible to study a slowly rotating magnetic white dwarf at different magnetic phases. Time resolved observations of such a system may provide sufficient additional constraints to enable a choice between multipole and offset dipole field geometries. 
Broadening
In general both pressure (usually Stark) and magnetic broadening must be included in models. Clearly when one type of broadening is much larger, the other may be neglected: for large magnetic fields and narrow lines pressure broadening may be neglected while for small magnetic fields, magnetic broadening may be neglected. Since the Stark widths of lines are strongly dependent on the atom and the transition involved, each case must be considered individually.
In our previous work which dealt mainly with hydrogen lines, Stark broadening was included assuming that the broadening was independent of the magnetic field. However, at sufficiently high magnetic fields, the /-degeneracy of the atomic hydrogen levels is removed by the quadratic Zeeman effect, and Stark broadening will be reduced. Unfortunately a determination has not been made of the Stark widths of the hydrogen components in the presence of a magnetic field. However, the effect of changing the Stark width on a Zeeman triplet can be seen from the results presented in Fig. 12 . We note in particular the deepening of the lines as the Stark width is reduced until eventually magnetic broadening becomes the dominant broadening mechanism. Our failure in Wickramasinghe & Martin (1979) to match the depths of observed lines in GD90 and BPM25114 is most probably due to an overesti-mate of the Stark widths. This can be seen from the calculations in Fig. 11 in which the Stark width was reduced by a factor 100 relative to the zero field values. The triplet at Hß is now clearly resolved as in the high resolution observations of Angel et al (1974) . It would appear that in the absence of independent information on the broadening, the Stark width is another free parameter whose variation can achieve better agreement between observation and model.
Conclusions
We have investigated the effects of magnetic field geometry on the spectroscopic and polarimetric properties of magnetic white dwarfs. With good quality spectropolarimetric observations it should in general be possible to recognize a white dwarf with a dominant centred dipole component even in the usual situation when data is available only at a single magnetic phase. However, when the observations indicate a departure from the centred dipole models, it will be difficult to distinguish between offset dipoles and combinations of multipoles except perhaps in rare situations when the white dwarf can be observed at different magnetic phases. For instance, in the case of GD90 we infer a non-centred dipole field distribution but on the basis of available data cannot distinguish between offset dipole and quadrupole fields.
We have also investigated the effect of line broadening on the spectra of magnetic white dwarfs. The observations of magnetic DA white dwarfs suggest that Stark broadening is much less than in the zero field case due to the removal of /-degeneracy.
